Fiber produce of prestocks

X, ¥ Y PMW&CR&T"’C w/ morrk”\s -P-:X_—»a' 3-3.)_,3
We defve he presenck X xy %' over T os fllows :

* Objeces (=, y', h) s+ =z € OL_)(Z.) & y' €0b(9') over some object
S€0y(C) ond h: ) =~50G7 an # = Y over 1dg
* Moqakums v (s, VX "-) - ("n-, ¥, l‘a.) consises  of (o(, F)

o« X —xg & B:y — ¥ ovwer some merrlmn S,—S, » C
200y 22 56
st h, lh Commutes,
n 3P
9ly') — 90yd)
Ak  dencte Prjecsions p i Ex, Y — ¥ ((x vo h) e x.)
Po: Exy ¥ — Y ((zylh) Y
ond & 2—1somorphsm o i o Prh—"9°P (“(-w', N = M) —h’jty’)).
We. Iw.ve [N )_— commutotive J‘is:mv\
xExy g’ P, g’
LP- “A ls
x ¢

_n\w. (un‘lver:o.l Pfgp-b’)

For every 2~ commutative JT&y‘Nw of an&s over T
ID— h 8’

o 5
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there edses o mrplnsm 1T — %X* Y and Z—Tsumcvr’-‘m:
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[mt'd_] <he 'Pb“w‘ms Jh.snam s 2~ commutotive °

X —y s
Vo
that s,
#p)
+°%I - #°P.°z
$ ool
l 9(+) J’
Jota — Sohaz
Commutes.

Moreover, the datan (2, B, r) 1 unique up to urique Tromorrlmm_
(re. # (zp »), (¢, p'») sotishy  conditien,

T 2= tromephs  $: L1 sx. B = p(2) 0B, » = pal®) o7 )
Remock. @ In languege of 2-categones, we soy Zxy ¥ 7 a 2~ Piber product.
@ Thee = o umpue morphism L1 T — A x, Y thee stishes the
condrtion w/ B =1d, r=1d (In parealer, wrongles sercdy commee)
DR A 2~ commutntive dingrom

Th‘é'
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T cortesion 1 Tt satishes the wiversal property obove.

Bxerase. (0 The J‘uxsrm s cortmsion T the induced Mot'P’l'lSM ZT—* %xgﬁ' is Iso.
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Then uppes squove is Corteslon & lﬂj Square s cortesion,
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Remerk. ‘C,llv C = on wetl object 1 the 2-cavegory o preseocks over C.
(MM’ +the on\f, 2- morplﬂsms between morrhsm with targee C oe uknﬂﬂs)

So we can debine W&m&rﬂb&h»%hp&&mwc.

@  Prestacks over the tavial cokegory ore rres'mly 3”“?’"‘" Our construction
recovers the frber Produce o gmro'uls.

Pop. VS €050 1 (R g 9)(S) = X(S) xy(, ¥'(S)
(#iber producs of  grouperds )
B(M\rls O'P %Lﬁ' FOAI&S O‘F PM&C‘&S

w G k‘F' —4 %&’
| = L = | "z
%F _— %G

(Piher probce. o prasheones)

@ (_mn5i¢ Stwe) x prestock owr T, S,TGOE](C), a: S % b: T— X.

’

Sx, T — SxT
L ® 0 fen
E —2— xxx
@) (Tsom presheoves) % preseack owr C, Seoy(e), a b e oy(xs).

(TE5) = Moy, (#a, +7)

s o Prts‘ieotp Over C/S'

JTsom %) (o., la) — S
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Am, prestock  over C/S qusm%5uapnmkwuc
w/amorr)\mh S.




(C)] (J'lojﬂbms 'Mvo‘Vlns quetient sta.c'r.s)

G -8 smooth a‘”lng group sc‘nme acting  on ﬂneme V) over S,
(g-:C-i-st—-U)

GrsU —Zu U GU —2, oy
ll& o lP l a lpxp
U — [9e] [Ye] ==[%]x[v%]

P P—=T u a pﬂnc‘lrol G-bumdle ond P—U G- eguivertene morphism,
2 T — [U /G] un‘-zug up o unTgue Mmrr'ﬁm st

P— v

l = |

T —[Y%]

Seocks

R A puud % ow o s T = o stck i the follwing condrtions
hod for all coverngss {S — ST € G () :
0 (morphisms ghe) Yo, b€ OG(2() % g :alg —b o S, —S
st ¢als5 =% 'st_) (palliocks to morphioms  over Sy = S xS —5):

3I’¢: a—b over dg st P'si = g..

v ~
@ (obj.:ts 5|ue) o, € Ocj (%(Sd) % Xy “‘lsz_) — “J]S‘J over Tds‘J
st oy 'Sgu ° “‘Jlsgu = “iklst)k (cocycle condiexon) :

o € ObJ (%(S)) ond @ AISI:O o, over i st oy © ﬁ‘ls!_):%’

5‘)'
A morth‘mm c;F stocks 18 o mm-f}-lnm * Prefhac'&:

Remack. Wheeher each conditon 7 swe s TMerJeo\t o ow choice of

colletion of  pullbecks.



Pop. %, 9, 9 seocks = Exy¥ also a swack.

Theorem, (Seackibication) % o presteck over s C.

ast-r.lg £ W & mu?hsm X — % st for every seack Y,
'd'e MJ““J A‘"M MOR(%“, a) —'Mm(%: ':l) S on ezulvulence dF‘ Cm’.ﬁu_

%mork %”’ s wﬂzuz ur +o Ttomorrhm ﬁw:t [ wniue ur w0 o umzuc.

2‘ Tsomrf}ﬁsm.

E‘An»fles 0"' stacls

CI)I‘PF‘ISAP\'equ-mC,FB&:LGNFT”%FBA&MI:.

On Sd‘i&, {s:hem} c {smm} < {Sb‘k‘} (Tncluﬂens ore ‘Aany Feachful
n N

{rrasl\ms} c {rﬂ-mmkr} % preserves  Fibec f""d'“’")
@  Sheowes Ts o prestack over Sch se.

"Olgecss = (T F) whee T % o schome ond F o 0 — modie
* Moghisns © (T, F) — (T, F) constets of $: T T morphtom o
schones ond F'— BF morphom of Op —modles s+, PP E
Sheves o5 well o3 16 Al subeosegors QCoh  ond Bun  ore stacks
over Schy,, die w ghang Tn  Zorsks tupology.
By desmst thewy, QCh ond Bun ore abo secks owe Shpa, ond heme
over  Sechy, .
@) Schemes % o prestnck oer Sch s,
* Objecta © T—S mocphions of schewes  (object owe S)
* Mocphions © (T—=S) = (T'=S) = a corterian dhogrom
T—T
1o}
S

— S’

This © a steck 1 Schy, bue not n Schy, .



Prop. (moddi stack ob smooth cwves) TP g 22, then ulg 7s o stack over Sche,.

’i. Aciom | C—'S, b—-S 'leT'les of smooth curves  with genus

5.
G‘ivu\ '.P; : Cg_~ - D (over Si had S) s.t. 'P'\, ICS‘) = #j ,cs‘) ,
use étoje. Jeseu\t ‘Pbr mwr‘ll:ns

(W)= (ve) = ue—c

\ =1}
v

D
o  construet :F: C—D. (=1!omwr}ﬂsm also Ly Etnk Jﬁ:ﬂﬂt)
g ~
Aiom 2 Lee C, =S, Pwhes w/ oy C;';‘J — C;lg‘J (over nlsg)

swrpyi»\j cocycle Ceﬁd‘ie\w\.

We coannct use e”ecﬂve Je!cent ﬂs'ﬁ: owoy  on '(:lle Jioﬁram

UC;_ """ _)CH(??)
Us, — s

becouce we con’e ensure UC = US, hos one of dhe propecties
P n Prvr Q.?.l.

Lok upen each C, as a clsed subscheme of some
pojective space bundle P (E), glue E. w fw E,

To. - T O, ~ module
ond then use eMective descent s‘cnmdulc ©s
UG, s C

! i

U IPCE) — IP(E)



We need the 'Pb"w‘ms Prn,xrty of ﬁmhos o‘P smooth curves -
G x: Co—=S; Fomily of smooth curves of genus 322.

-n\ea \u;: Ts I—mlwwly w-’ o.mrle MJ x*(wgfs) s o
loco."\l Free sheod of rnk 5(5—1).

I. ru-b'iculw, C, - ,P (_’C* (ngi )) which cpmsronds +to

75*71-* (wgi) - w:,‘i s a cloxd Tmmersion.
— v
4
(swrj)

(cot\se.zuu\ce_ of Pn,’, S.I“?.)

Set E = (_vc;_)* (_wgf/,‘) and tnke closed Tmmessions C, — IP(E.).
oty ‘s induce P‘J : E ls,):’ EJIS‘J which :ws#y cocycle condieion.

Descent.  For guos — coherent.  sheoves =2 s quosi — coherere O —module E

% p: Elg, =B se By tls, = 1
Agean by descent, E locdly Free.
= 87 en‘ecﬂve Je.\ur\t (_oo\ cloeea sulaed)eme.s)' we obtoan o mop

S,_) .

Cc—|» P(E) ™S & ¢.".(:|,.12’C.‘,1 se. °“J°ptls,,j =p3'$.1.
C—=S 15 smeoth ond Proper I’A; -tJ\e.se Propereies ore ;uk_l,ed

on +the torget. -
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Clam. Cohr, g (€), B,y (O, [U/G'] o stecks as well.
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o (&%)&- ovr  (Sh/0)ee
(m’,\t‘pbrwordly Plows From respective descene Profere?e;)
Monover‘ the cononcal -Pull, kbl Punceor [u/&]l"‘ - [LVG.J

s o stoackificotion.



