
Fiber productof prestacks

It. 4, I prestacks over a category (w/ morphisms f:it +2,g:4' -1.

We define the prestack (txyY' over I as follows:

· Objects:(x, y', h) s.t. xeeObj(A) & y'tObj(2') over same object

StObj(e) and h:f(x) =g(y) an iso in I over ids
· Morphisms:(x, y,h,) -> (x2, Ye, ha) consists of (c,B) s.t.

2:xe, -x2 & B:y,-Y2 over same morphism S, + S2 in t

f(x) f(x2)
S.t. In the commutes.

g(y,) g(yel
Also denote projections by:Exy2' +A ((x,yih) 1+x)

P2:Axy 2' -y'((x,yih) +y')
and a 2-isomorphism 2:top, I gape (@m,y:h)= f(x) =g(y's).
We have a 2-commutative diagram

stxy1', y'

No. 15
x=2

Theorem. (universal property)

For
every 2-commutative diagram of prestacks over [

5-2,y

La. * Is
z =2

there exists a morphism 2:J ->Exyd' and 2-isomorphisms

B:q, =p, c L and 2:gz=P201 s.t. [cont'd]



[cont'd] the following diagram is 2-commutative:

·Asit
thatis,

fog, a top, o2

18
↓
202

g(r)
9092 -> 90p201

commutes.

Moreover, the data (2, B, 2) is unique up to unique isomorphism.

(i.e. if (2, p, 2), (2', B' r') satisfy condition,

=:2-isomorphism 1:2 =1's.t.B' =p, (2) a B, c' =pe(t)or)

Remark. (1) In language of 1-categories, we say IxyY' is a 2-fiber product.

(2) There is a unique morphism 1:5 ->Exy y' thatsatisfies the

condition w/ B =id, 2 =id. (In particular, triangles strictlycommute)

Ref. A 2-commutative diagram

5-,y
S

La, E ↓5
i 2

is cartesian if it satisfies the universal propertyabove.

Exercise. (1) The diagram is cartesian iff the induced morphism 1:5-HXyY' is iso.

(2) It
"
-y In the 2-commutative diagram, suppose the lower square is

↓*I cartesian.

It' -y' ↑

↓
*1 Then upper square is cartesion is big square is cartesian.

It -> y



Remark. (1) It is an initial objectin the 2-category of prestacks over 2.

(Moreover, the only 2-morphisms between morphisms with target I are identities)

So we can define products of prestacks as fiber products over 2.

(2) Prestacks over the trivial category are precisely groupoids. Our construction

recovers the fiber product of groupoids.

Gop.
*

Se0bj(e):(Axy2)(s) =A(s) xx(s)4'(s)

(fiber productof groupaids,

Examples of fiber products of prestacks

CK F' +G Fri Ie
↓ * I =>

↓
idid

FG Hy ->He
(fiber product of presheaves)

(2) (magic square) It prestack over 2, S, TGObj(e), a:S+ H, b:T -H.

S xa T
+SxT

↓ I

↓
axb

7 =-7 xz)

13) (Isam presheaves) It prestacks over 2, Se0bj(e), a, b -> 0bj(H(s)).

am
Acs)
(a,b):t/s ->Sets

CTEs) +Moract) (fYa, f*b!

is a presheet over [/s.

Samz(s)(a,b) ->S

↓ I ↓(a,b)
z =7xA

e Any prestack over t/s is a same thing as a prestack over t

w/ a morphism to S.



(4) (diagrams involving quotientstacks)

G +S smooth effine
group scheme acting on scheme U over S.

(0:Gx,V +v)
(0,pa)GxsU = v GxsU -UxsU

A ILoe IP I
↓
pxp

v -[Y] [Y]=[Y] " [Y]
If P -Tis a principal G-bundle and P-8 G- equivariantmorphism,
=
T +[Y/] unique up to unique isomaphism s.t.

P -r

↓
- [ad

Stacks

Def. Aprestack itover a site I is a stack if the following conditions-

hold for all coverings [S: +5] = Cor(s):

12 (morphisms glue) Ya, b =Obj(A(S1) & &i:also-b over S: -S

S.t. Oils = Aj/s)(pullbacks to morphisms over Sig = S,x, S; -> 5):

EG:a -b over ids s.t. /s, = di-
12) (objects glue) *a: e0bj(H(S:)) & hij:anls =>aj1s over idss

s.t. ,n/sig" dijlsign - Gilsyn (ocycle condition):
-

a =Obj (E(SI) and &::also-anover ids, sit. dija Pilsig=4j1sy.
Amorphism of stacks is a morphism of prestacks.

Remark.Whether each condition is true is independentof our choice of

collection of pullbacks.



&
It, 2', I stacks -Hxyd' also a stack.

Theorem. (Stockification) it a prestack over site 2.

=
stack best w/ a morphism & - Ast s.t. for

every stack y,

the induced functor MOR(As, 2) -MORCH, 2) is an equivalence of categories.

Remark. Itsis unique up to isomorphism thatis unique up to a unique

2-isomorphism.

Examples of stacks

(1) If F is a presheet over site I, Fis a sheaf iff Itsis a stack.

On Schiz, Eschemes] a Esheaves] a [stacks] (inclusions are fully faithful

Spreshares] a Spresacks &
preserves fiber products)

(2) Seaves is a prestack over Sch sit.

· Objects:(T. F) where T is a scheme and F a Oy-module
· Marphisms:(T, F) -> (T, F) consists of fiT- T'morphism of

schemes and F'-fAFmorphism of Ox -modules s.t. f*F'F.

-

eaves as well as its full subcategories A and my are stacks

over Scheer, due to gluing in Zariski topology.

By descenttheory, oh and my are also stacks over Scheppf, and hence

over Schez.

13) bemes is a prestack over Sch s.t.

· Objects:T-S morphisms of schemes (object over 5)
· Morphisms:(T-S) -(T'-S) is a cartesian diagram

I
--
A1

5 -S

This is a stack in Scheer but not in Schet.



#
p. (moduli stack of smooth curves) If gE2, then my is a stack over Schet.

R. Axiom 1C-S, D - S families of smooth curves with
genus, -

Given fi:Cs:D Cover S: +S) s.t. files - files,
use etale descentfor morphisms

(WCsi) xc(WCs) =NCs-c
↓ E!

D

to construct f:C - D. (=isomorphism also by tale descent)
TAxiom 2 Let C, + S:families w/ hij:Cilsy=>Ci1sy Cover idsi;)

satisfying cocycle condition.

We cannotuse effective descent rightaway on the diagram

WC,..... ->d
I(??)

↓ i
WS, - S

because we can'tensure WC,-US,has one of the properties

P in Prop B.3.1.

Eden Look upon each C,as a closed subscheme of some

projective space bundle IP(E-SEto form E,

and then use effective descent on

I
Os -module

We
c

i
WIP(E.) ->IP(E)



We need the following property of families of smooth curves:

iv) 5:Co -So familyof smooth curves of genus gE2.

Then me, is x-relatively very ample and xx(was) is a

locally free sheaf of work 5(9-1).

In particular, Co-IP(** (ws)) which corresponds to

wee, is a closed immersion.

(surj.)

(consequence of Prop 5. 1.9.)

SetEi =(xi)x (ways, and take closed immersions C: + IP(E).

dij's induce Bi:Eilsy Ejlsigwhich satisfy cacycle condition.

Descentfor quasi-coherentsheaves ->* quasi-coherentOs -module E

& 4i:ElseE:st. By a Yelsi =451sy·
Again by descent, E is locally free.

=>By effective descent(on closed subschemes), we obtain a map

C-IP(E) - S & k:CIs,G,st. yagilsis-Aplsig.
6 -S is smooth and proper b/c these properties are etcle-local

on the target1

Haim. Chr,d(C), Brd(C), [Y/] are stacks as well.

74 ↓
over (Sch/1)

et
over (Sch/slet

(straightforwardly follows from respective descentproperties)

Moreover, the canonical fully faithful functor [Y/a]" +[Y]
is a stackification.


